
Complex Numbers

De Moivre’s Theorem

Aim

To explain what De Moivre’s Theorem is and to demonstrate its usage.

Learning Outcomes

At the end of this section you will be able to:

• Multiply two complex numbers of the form r(cos θ + i sin θ),

• Understand what De Moivre’s theorem is,

• Simplify complex numbers using De Moivre’s Theorem.

Consider multiplying the two complex numbers z1 = r1(cos θ1 + i sin θ1) and z2 =

r2(cos θ2 + i sin θ2).

z1z2 = r1(cos θ1 + i sin θ1).r2(cos θ2 + i sin θ2),

= r1r2 [(cos θ1 cos θ2 − sin θ1 sin θ2) + i(sin θ1 cos θ2 + cos θ1 sin θ2)] ,

= r1r2 [cos(θ1 + θ2) + i sin(θ1 + θ2)] .

If we were to let θ1 = θ2 = θ then the above result would give,

(cos θ + i sin θ)2 = cos 2θ + i sin 2θ.

From this we can deduce the following,

(cos θ + i sin θ)3 = (cos θ + i sin θ)2(cos θ + i sin θ),

= (cos 2θ + i sin 2θ)(cos θ + i sin θ),

= cos 3θ + i sin 3θ.

Similarly it can be shown that

(cos θ + i sin θ)4 = cos 4θ + i sin 4θ.

This suggests the general formula

(cos θ + i sin θ)n = cos nθ + i sin nθ.

This is known as De Moivre’s Theorem.
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Example

Express (1 + i) in modulus-argument form and hence express (1 + i)9 in the form

a + ib.

From the diagram below we can see that

|1 + i| =
√

2 and tan−1 1 =
π

4
.
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