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ABSTRACT.  Objective: This study develops a mathematical model of alcohol abuse in  structured populations, such as communities and college campuses. The study employs a network model which has the capacity to incorporate a variety of forms of connectivity membership besides personal acquaintance, such as geographical proximity and common organizational. The model also incorporates a resilience dimension that indicates the susceptibility of each individual in a network to alcohol abusers. The model has the capacity to simulate the effect of moving alcohol abusers into networks of non-abusers, either as the result of treatment or membership in self-help organizations. Method: The study employs a small world model (Watts and Strogatz, 1998). A cubic equation for each person (vertex on a graph) governs the evolution of an individual’s state between 0 and 1with regard to alcohol dependence, with 1 indicating absolute certainty of alcohol dependence.  The simulations are dependent on initial conditions, the structure of the network, and the resilience distribution of the network. The simulations incorporate multiple realizations of social networks, showing the effect of different network structures. Results: The model suggests that the prevalence of alcohol abuse can be minimized by treating a relatively small percentage of the study population. In the small populations that we studied, the critical point was ten percent of the study population or less but we emphasize that this is within the limitations and assumptions of this model.  Conclusions: The use of a simple model that incorporates the influence of the social network neighbors in structured populations shows promise for helping to inform treatment and prevention policy.  

Introduction

This paper employs a small-world network model to investigate the question:  What is the smallest percentage of alcohol-dependent individuals that must be treated to achieve a reduction in the prevalence of alcohol dependence over time?  We use networks theory to generate models for the social interaction within populations and use that social interaction as the primary influence of spreading alcohol dependence in a  population (or network).  Relying on prior network studies allows us to focus on the consequences of an epidemiological process using known networks (population structures).

Network theory took a large leap forward with the 1998 publication of the seminal paper: Collective Dynamics of Small-World Networks (Watts, 1998). In this article Watts and Strogatz introduced the idea of a small world network. Motivated by the popular notion that any two people in the world are connected by a chain of no more than six intermediate acquaintances, an idea which was popularized in the play and movie Six Degrees of Separation (Guare, 1990), they defined a small world network as having two key characteristics: (1) A higher degree of local clustering than a comparable random network and (2) a short path length similar to that of a comparable random network (Watts, 1999). Local clustering is indicated by a high density of connections within a limited subset of a larger ecology. Short path length occurs when a subset of individuals is linked by relatively short chains of intermediate connections. In a social network, a connection occurs when two individuals interact or know each other; we +use the term wired to each other as shorthand.  An intermediate connection occurs when two  people are wired to a third person, but not wired directly to each other. 

An example of a small world network is found in a study of networks of movie actors (Watts and Strogatz,1998).  Each actor is a node (or vertex in mathematical language) in the graph; a connection (or and edge of the network graph in mathematical language) is made between actors if they had roles in the same movie; an intermediate connection occurs if that had roles with a third actor in a different movie but had no common movie between them.  The study employed a movie data base of 226,000 movies. In only 61 instances did the same two actors appear together in more than one movie. However, the actors who appeared in the 226,000 movies were linked indirectly through short chains of other actors who appeared together in other movies. The typical actor was linked to another in the movie data base by an average path length of only 3.65 intermediate connections. 


Can a small world model be applied to alcohol dependence? Dependence fulfills one small world criteria in that it is often marked by local clustering within a larger ecology (Bond, et al, 2003; Beattie, et al, 1999).  That alcohol dependence is often confined to a small group that is relatively isolated, however, is not sufficient to confirm that dependence fits the small world model. For the world of the alcohol dependent person to be small, most of the alcohol dependent people in a larger ecology must be connected by a short chain of intermediaries who are connected to each other. Connections, however, may take many forms besides personal interaction. Examples of alternative forms of connectivity include residence in the same geographic area or in an adjacent area, or being a member of the same organization, such as Alcoholics Anonymous. It is these ecological conceptualizations of social connectivity that offer a variety of opportunities to study clustering and path length (indirect connectivity) within larger populations.  In this model, we conceptualize the causal mechanism as drinking roles and norms conveyed through a social network; the influence of neighbors in this social network is expressed in a mathematical formula, but the details of the formula for each individual depend on the network structure.  In this way, different population network structures may cause different outcomes. In each case we study a set of population structures to determine the response to various parameters.


One useful example of a small world network is the so-called Rewired Connected Caveman Network  (or RCCN, Figure 1).  The RCCNs are constructed from a connected caveman network in which there are completely interconnected subgroups (caves) except for one connection to the next cave.   This type of network is used as a substrate to generate RCCNs, in the sense that one begins with a connected caveman network and randomly rewires the interconnections to connect different individuals and caves (Watts 1999a,b); in essence a social network is constructed by creating an artificial network first and then modifying it  (through rewiring) to achieve a population with the appropriate properties.  Statistically,  the RCCNs still have a high density of connections within small groups (caves), but they also have a low density of connections between caves.  Several recent studies (Bond et al, 2003; Kastutas et al, 2002; Longabaugh et al, 1998) suggest that the social context of alcoholics resembles a cave with dense wiring within a small cluster of alcoholics and sparse wiring to the outside. Recovery from alcohol dependence may be marked by a move from a cave of heavy drinkers to a new cave with a preponderance of AA members, and later to a cave with drinking behavior that resembles that of the general community. 
We aim to combine elements of network theory (structured populations) with epidemiological theory in a new model for alcohol epidemiology and treatment at the population level.  Epidemiology of populations has been studied in a number of contexts that helped direct our thinking.  Hethcote reviewed the mathematics of ordinary differential equations models in uniform and age-structured populations (Hethcote 2000); Newman (2003) and Watts (2004) have reviewed the epidemiology of population networks.  Newman (2002) studied the propagation of a sexually transmitted disease in networks using a susceptible-infected-recovered (SIR) model.  In that case, a bipartite graph was of particular use, describing the interaction of males and females with interactions only between the opposite sex.  Pastor-Satorras and Vespignani (2001,2002) gave results for the susceptible-infected-susceptible (SIS) models on power law networks.  These networks have a power law distribution of interconnections among people in the network: a few people have many interconnections (hubs), while many people have very few interconnections.  Of particular interest to us were the papers by Moore and Newman (2000) and Watts (2002).  In the former, exact solutions were found for a site percolation model on a small world network that is analogous to an SIR model; in the latter, a threshold was introduced in the study of global cascades that suggested the use of the resilience in our model to be discussed shortly.  Despite their limitations in population modeling, random networks are often used for comparison with the above kinds of networks and we shall use them for comparison as well. 

We hypothesize several parameters of populations (ecologies) that set the limits of the incidence and prevalence of alcohol dependence. These include: the number of people in an overall population, the number of alcohol dependent people, the number of clusters of alcohol dependent people, the number of people in each cluster, the density of connections within each cluster, the number of connections to the outside of the cluster, and the average number of intermediate connections (path length). These structural parameters control the dispersion of much alcohol-related behavior over time. Small world theory provides a vehicle for integrating local clusters of heavy drinkers and alcohol dependent individuals within a much larger ecology. The small world model can also be augmented to incorporate a variety of assumptions about susceptibility of individuals to alcohol disorders, tipping points of populations, and population genetics. The small world model can also be expanded to incorporate a variety of policy variables such as alcohol beverage price and outlet density.
Method

We employ a mathematical model that incorporates the following assumptions.  (1) The probability that a given individual has alcohol dependence is indicated by a single real-valued number between 0 and 1.  (2)  Individuals are linked in a social network and each link (or wire) indicates that there is a nontrivial social connection (more than a passing greeting).  (3) The small world network is adequate for modeling the social network for the purposes of this study.  Other types of networks may be appropriate in other circumstances as mentioned above (e.g., Watts 2004), but the small world network as described below is assumed to be adequate.  (4) The prevalence of alcohol dependence in a closed population is a function of the individuals' resilience, which measures an individual's susceptibility to alcohol problems.  The higher an individual's resilience, the lower is the likelihood of alcohol dependence (Coninger et al, 1981).  (5)  The prevalence of alcohol dependence is a function of one's neighbors' behavior (Kaskutas et al, 2002; Bond et al, 2003; Newman, 2002).  In the proposed model, the neighbors' influence is measured by the difference between the average drinking behavior of the neighbors and the individual's resilience; if the resilience is greater than the effect of neighbors' behavior, the likelihood of dependence is reduced.  (6)  The future effect of treating varying proportions of an alcohol dependent population is introduced into the model treatment is broadly conceptualized as including both self-help groups and/or professional treatment (Sobell et al 1996; Moos and Moos, 2005).  The details of the mathematical representation of the treatment will be discussed in more detail below.

A network consisting of individuals with and without alcohol disorders is used as the structured population to be studied.   We study random networks (e.g., Bollobas 1985) and RCCNs (Watts, 1999a,b) for the population; we will use different realizations  of both types of network (Figure 1).

        ----FIGURE  1 (a and b)  ABOUT HERE—

Figure 1b shows a typical RCCN used in this paper, which consists of 10 caves of 9 people each; figure 1a shows the corresponding random graph.  Both networks have 360 interconnections.  Some people have connections only within their own cave; others have connections both within and across caves. Some of the people have alcohol problems and some do not.  The interconnections all have the same weighting (importance) and do not have a direction.  Figure 1a shows a comparable random netowrk typical of those used in the calculations to follow.  A random network with N vertices (people) with any two vertices connected with probability p has N(N-1)p/2, the average degree k (number of interconnections to that vertex) is (N-1)p, and the probability that a vertex will have degree k follows a Poisson distribution.  Discussions of random networks in contexts similar to this paper can be found in (Barabasi 2003) and (Watts 1999a).
Basic Network Concepts. Network structures may be described with only a few parameters for our purposes. The clustering of connections is measured by a cluster coefficient.  This quantity is the average over the network of the local cluster coefficients (Watts 1999a).  The local cluster coefficient is the fraction of the possible interconnections that are actually present among the neighbors of the given person. The average number of links between individuals is also measured by the characteristic path length. The more individuals that are necessary to include to link any two individuals, the longer is the path length.  Figure 1 shows a network of individuals consisting of some individuals with alcohol disorders (dependence and/or abuse); the dependent individuals are scattered about the population randomly. The direct connections represent people who are personally linked. The indirect connections represent people who are linked through a chain of other individuals.  The random network of Figure 1a has very little clustering, while the RCCN of Figure 1b has a high degree of clustering and a characteristic path length that is similar to that of the random network (Watts 1999a, 2004).  Thus, Figure 1b is a small world network.  We note that the visual inspection may be intuitive, but for large populations the visualization of any results is challenging, and it is really the statistical properties of the network that determine its type.  We have verified that the social networks we construct have the desired statistical properties.  

The Mathematical Model.  At each person i, there is an equation which computes a real number vij which has a value from 0 (healthy) to 1 (alcohol dependent) that is computed at the end of each time interval j (note that j is not an exponent); computing new values of all the v={vij} over the whole network constitutes one time step.  The equation that determines the new values vij+1 is
                                   ---- Figure 2 Here: equation ----

where i=1,...,N and nij is the average of the neighboring vij on the network. The parameters ri and  are the resilience of each person in the network and the relaxation parameter, respectively; see below.  The nonlinear term was chosen so that the healthy and alcohol dependent states, 0 and 1, respectively, are stable and the term nij - ri acts as the dividing line that turns the value of vij+1 toward one state or the other; this choice is analogous to a population model or a bistable chemical reaction model except that the interpretation here is the probability of alcohol dependence.  In each computation for a given study population, the network structure is computed at the beginning (a particular network realization) and is fixed for the duration of the computation: the network doesn't change during a particular computation.   
The relaxation parameter  controls the rate of the approach to the steady state answer (meaning independent of j) if such a state exists. In all cases, we set =0.5; while exploration of its effects is beyond the scope of this paper, we clearly want its value to be positive and small enough so that vij+1 never falls outside the interval from 0 to 1.

The hypothesized epidemiological model includes a term ri with a value between 0 and 1 for each person that captures the resilience of individuals (the capacity to resist alcohol dependence). Resilience may be conceptualized as a genetic variable or as socio-cultural variable that captures the socializing influences of reference groups (e.g. parents, peers, family, neighborhood, or culture).  A resilience near 0 will yield an individual who is easily influenced toward alcohol problems, while a resilience near 1 will be very resistant to them.  In most cases, the resilience was normally distributed about a mean of 1/2 with a standard deviation of 1/6; in one case below we systematically varied the mean of the resilience to see its effect on the population.   This parameter was inspired in part by the threshold used by Watts in his paper on global cascades (Watts 2002).
The structure of the network is contained in the computation of the average of the neighbors in this model.  Consider the tiny “network” consisting of 4 nodes with connections between the nodes in the following way: node 1 is connected to nodes 2, 3 and 4; node 2 is connected to nodes 1 and 3; node 3 is connected to nodes 1, 2 and 4; node 4 is connected to nodes 1 and 3.  The sketch of this network looks like two triangles with a common edge (connecting nodes 1 and 3).   The equations for the states of nodes 1 and 2, for example, are given in Figure 3. 

    ----- Figure 3 Here: equations -------- 

The other two equations for nodes 3 and 4 are very similar, and the equations for all of the nodes need to be evaluated to advance one time step.  The adjacency matrix summarizes this network; the 4x4 matrix is A=[0 1 1 1; 1 0 1 0; 1 1 0 1; 1 0 1 0] in this example, where the rows are separated by semicolons.  For the undirected and unweighted social networks of used in our model, the adjacency matrix is symmetric and always has elements that are either 0 or 1. The equations for all of the nodes may be expressed compactly using the adjacency matrix for the study population's network.   
The computation for our model was most conveniently done by using the adjacency matrix and a matrix-vector form of the equation implemented in Matlab (http://www.mathworks.com); the details are omitted here due to space limitations.
The equation for each person tends to drive vij to a value of 0 or 1 as j, the time step number, increases.  By a time step, we mean that all the values of vij are updated to a new time level designated by j.  When j is large enough and the simulation reaches a steady state, the states of the people no longer change and the percentage of people with alcohol dependence at that point will be labeled end.   This percentage will be seen to depend on the network structure, the initial condition, and the resilience of the population.  When these points have been illustrated, we proceed to incorporate treatment effects into the model and show that the percentage of people treated can have a significant affect on the final percentage of alcohol-dependent people.

Results

In the first case, we study the effect of network structure on the final percentage of the population with alcohol dependence. For 100 different realizations of each population (random network or RCCN), we randomly sprinkle initial states of 0.9 among states of 0.15; the resilience is randomly distributed with mean ½ and standard deviation of 1/6 and the RCCN has 80 interconnections rewired.  The results are shown in Figure 4, with the end percentage given as a function of the initial number of alcohol dependents.  We can see that for either kind of network, there is a transition from an end state near 0 to an end state near 1, and that this transition is narrower for a random network; that is, the transition occurs over a narrower region of the initial values.
 
                                        ---Figure 4 about here---

The effect of changing the resilience  is shown in Figure 5.  Here the mean value of the resilience is varied from 0.1 to 0.9; the values over the network are generated as a normal distribution with that mean and standard deviation of 1/6, but any values of ri outside 0 to 1 are reset to the nearest of those values.  We see in the figure that for low values of the mean resilience, the population is easily tipped to become entirely alcohol dependent; for high values of mean resilience the population resists alcohol problems.  There is a transition between these two states as well, with a narrower transition occurring on the random network again.

                                    ----Figure 5 about here----
We now modify the model to incorporate the effect of treatment for alcohol dependence on the population.  Initially, the population's states are uniformly distributed on the interval from 0 to 1; the resilience is normally distributed about a mean of ½, with values outside of [0,1] reset to the nearest endpoint values as usual.  The  treatment parameters are as follows.  The specified highest percentage of the values of vij are selected; the values of  vij for those people are reset to ri /2 (indicating improvement with respect to alcohol problems) and then no interaction is allowed for 100 time steps.  The reset value of ri/2 seemed reasonable; resetting to 0 would cause that person to remain healthy for all future times while resetting to ri seemed very likely to cause immediate relapse.  Those people are then released back into the population by including them in the time stepping again.  In this case, no rewirings in the network are made upon release back into the population; such a rewiring would be made if an Alcoholics Anonymous strategy was being used.  Our hypothesized treatment program could be viewed as a detoxification program with the patient returning to the same set of neighbors after treatment.  Figure 6 shows a definite sensitivity to the percentage of people treated in the population;  at 4% treatment, the population retains a significant fraction of alcohol-dependent people, hovering right around 75%.  With 6% treatment, the percentage drops to under 70%, then increases to fluctuate around 71% or so.  Increasing the percentage treated to 8%, we see that the  percentage of the population with alcohol dependence decreases dramatically to a very small percentage of the population by about 1200 time steps.  Increasing the percentage of the population treated slightly speeds up the process, but is clearly past the point of diminishing returns for simulations in this model. 
                      ---Figure 6 about here---

Similar results also occur when we use a network with 225 people (not shown), and, though the numbers may vary, we expect the results to hold for larger social networks as well.  Increasing the rewiring for a fixed network size results in less clustering and a shorter characteristic path length for the network; in a simulation of the population's alcohol problems, these trends tend to increase the effectiveness of treatment because the amount of treatment needed to essentially eradicate the alcohol problems is decreased.    For example, increasing the rewiring to 80 connections on the same 90 person network causes a 4% treatment level to be effective.
Discussion 
The results show that the prevalence of alcohol dependence is sensitive to a number of population and simulation properties.  The structure of the population affects the diffusion of alcohol-related information through two network properties: a shorter characteristic path length and less clustering promote the spread of alcohol dependence.  However, empirical measurement of the social networks of larger populations such as cities and colleges is an arduous task made even more difficult by recall bias and non-response.  The alternative approach is to hypothesize many plausible population structures and to investigate the sensitivity with respect to those changes in the prevalence of alcohol abuse over time.  Employing the information on sensitivity, one can incorporate data on real populations and explore a variety of simulations that are relevant to both alcohol epidemiology theory and public policy.

The initial conditions contribute to the outcome as well; a clear transition between healthy and unhealthy final states for the population as a whole was observed that depended on the proportion of initially alcohol dependent people.   With respect to this parameter, one may rightly respond that the initial population cannot be chosen; however, the initial prevalence before beginning a treatment plan may vary from population to population (for example in one geographic region versus another).  Thus, knowing when crucial prevalence levels are being approached could conceivably influence the decisions regarding treatment policy.

The resilience of the individuals also plays an important role in the simulations.  We applied a random (though in practice, truncated) normal distribution of values for this parameter among the population in order to mimic our perception of the population.  The mean of this property was varied to show that it behaved in an intuitively appropriate manner: a low average value of the resilience leads readily to a population that is dominated by alcohol dependence, while a high value of resilience tends strongly to an overall healthy condition.  

The key result of the paper is that the model is sensitive to hypothesized policies to increase the size of the treatment population.  By keeping the highest percentage of those with alcohol dependence out of the time steps and resetting their values to half of that individual's resilience, we could demonstrate within the model that treating a sufficiently large percentage of the population would lead eventually to an overall healthy population.  
In our simulations, the resilience is assigned to an individual and does not change throughout the simulation, even in response to treatment.   The treatment does change the state of the individual's alcohol dependence, but the resilience remains the same.   Resilience could then be viewed as a parameter indicating a genetic predisposition or a predisposition that is unaffected by treatment.  The sensitivity of the results to the type of distribution used for the resilience was not tested here but would be interesting to explore. 

This analysis provides a useful benchmark for establishing theoretical parameters for a dynamic epidemiologic model of changing prevalence, susceptibility, and the moderating effects of the study population's initial level of prevalence.  The inclusion of a policy variable, the percentage of the population treated for alcohol dependence, introduces an important dimension to the model.  
A small geographic area longitudinal study of treatment strategies would be appropriate for verifying the utility of the model.  For example, a county level model may be of appropriate size to be computable mathematically and of a size that could be effectively surveyed empirically.  The survey and simulation could only be compared statistically, however, since the sample survey couldn’t produce on network structure of the entire population.  On the other hand, our simulation method doesn’t include detailed physiological or health information for individuals. 

Further empirically-based study would improve the generalizability of the model.  Long-term studies of larger social networks would be a welcome aspect of investigation.  Linking the study population to an age structure of a population would be an improvement; implementing an Alcoholics Anonymous strategy that dynamically modifies the social structure as the simulation progresses would be useful as well.  A useful next step would be to estimate costs and benefits associated with our hypothetical treatment, as well as more treatment effects, and using the model to estimate costs and benefits in order to make relevant input for informed policy decisions.
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Legends for Figures and Tables 
Figure 1:  Two representative networks for this study with 90 people and 360 interconnections.  (a) A random graph, which has randomly placed interconnections.  (b) A rewired connected caveman network (RCCN) with 50 interconnections randomly rewired from the connected caveman substrate.
Figure 2:  The state of each person i in the network at time step j+1 is governed by this  equation, which must be evaluated for all N people in the network at each j.  The other quantities in the equation are described in the text.
Figure 3: Equations for two of the four nodes in the tiny example “network” of the text.  The equations for nodes 3 and 4 are very similar.

Figure 4: The  percentage of alcohol dependence in the population at the final state of the simulation as a function of the number of  dependent individuals in the population initially.  The random network population shows a more narrow transition to the healthy state than does the RCCN with 50 rewired interconnections.
Figure 5: The percentage of alcohol dependence in the population at the final state of the simulation as a function of the mean resilience of the population. A low average resilience leads to an alcohol-dependent population; a high average resilience leads to a population with no alcohol dependence.  The random network again displays a narrower transition from one end state to the other.
Figure 6:  The percentage of the population with alcohol dependence  with treatment is shown in this figure.  The upper-most curve has only the highest 4% treated; the alcohol dependence levels out on the average but some fluctuation is apparent due to the small population size.   Increasing the size of the treated population to 6% causes an initial dip in  but then a small increase is seen to a constant value on the average.  Treating 8% of the population causes a rapid decrease to none of the population being alcohol dependent.
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Figure 1b:
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Figure 2:
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                                  vij+1 = state of person i at time j+1

                                    vij  = state of person i at time j

                                    nij  = average of neighboring states of person i at time j

                                     ri  = resilience of person i 

                                   = time constant

Figure 3:
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