IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: EXPRESS BRIEFS, VOL. 54, NO. 5, MAY 2007

435

Phase Diffusion Coefficient for Oscillators Perturbed
by Colored Noise
Fergal O’Doherty and James P. Gleeson
Abstract—The phase diffusion coefficient and the mean frequency of a two-dimensional nonlinear oscillator perturbed by
colored noise is theoretically predicted and compared with numerical simulations of the Langevin system. At high oscillator
frequencies, the first-order perturbation approximation of Demir
is observed to yield inaccurate results for the phase diffusion coefficient when the spectrum of the noise sources decay faster than
2 . A novel asymptotic approach which describes the diffusion
coefficient in such instances is developed.
Index Terms—Demir’s approximation, diffusion coefficient, Liouville equation, mean frequency, Monte Carlo simulation.

I. INTRODUCTION

and
are the
where and are nonlinear functions, and
independent colored noise sources. The independent Gaussian
colored noise processes have mean zero and variance so their
statistical behavior is fully characterized by their correlation
functions
(3)
The angular brackets are used throughout the paper to denote
averaging over an ensemble. Alternatively, the noise may be described in terms of its spectrum, indeed this description of colored noise is particularly important for numerical simulations
[1]

T

HE problem of phase noise and its influence on oscillators
has been the subject of much study in the last few decades
[1]–[12]. Analytical and numerical work has predominantly focussed on white noise effects [2], [8]. However, recently, attention has turned to colored noise processes [3]. In recent work on
the numerical simulation of a linearized oscillator, Gleeson [1]
demonstrated a previously unreported anomalous scaling of the
phase diffusion coefficient which is not predicted by industry
standard asymptotic schemes. This work has highlighted the
need for the development of second-order perturbation approximations which predict phase diffusion in self-sustained oscillators perturbed by colored noise sources. Such approximations
are of interest to circuit designers as noisy effects induce unwanted phenomena such as timing jitter in clock circuits and
interference in wireless communication systems. In this brief,
we outline a stochastic approach based upon the Liouville equation [13], which yields the same result as Demir and co-workers
[3], [8] to first order in the noise intensity, and also provides the
correct second-order corrections to Demir’s formula. Another
prediction of this novel approximation procedure is that a noise
induced shift of the mean frequency away from the deterministic
carrier frequency will result. This has been numerically verified
using Monte Carlo simulations. Finally, we derive asymptotic
relations describing the behavior of the phase diffusion coefficient and the mean frequency at high frequencies, and show their
dependence on the correlation function of the noise.
II. OSCILLATORS PERTURBED BY COLORED NOISE
A two-dimensional self-sustained oscillator perturbed by independent Gaussian colored noises is considered
(1)
(2)
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(4)
The phase dynamics of a near-circular oscillator’s limit cycle is
determined by transforming the Cartesian system to cylindrical
,
.
polar coordinates:
The phase angle for (1) and (2) is described by the following
Langevin equation:
(5)
where is the carrier frequency of the deterministic system.
Equation (5) may be derived by transforming (1) and (2) using
cylindrical polar coordinates and by applying the assumption that the limit cycle is strongly attracting. This work is
to be specifically applied to oscillators with a near-circular
limit cycle. We assume that the limit cycle of the oscillator
is strongly attracting, so that fluctuations in are negligible
in comparison to phase fluctuations. By suitably scaling the
Cartesian variables and we may set to one. The result is
a random differential equation describing the behavior of the
phase on the limit cycle
(6)
It is obvious that the random processes contribute to the phase
equation in a nonlinear multiplicative fashion. Numerical simulations of this equation in [1] yielded some unforeseen results
which we intend to verify here using analytic and asymptotic
means. The analytical work will be discussed in relation to a
specific correlation function
(7)
although the general method is applicable to any Gaussian stochastic process governed by an integrable correlation function.
The parameter in (7) characterizes the timescale of variation of the random process, therefore,
is an estimate of the
bandwidth of the noise.
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III. ANALYTICAL APPROXIMATIONS OF COLORED NOISE
DIFFUSION COEFFICIENT

the variance of the phase variable at time obeys the following
relation:

In this section, we give a detailed derivation of analytical approximations for the phase diffusion coefficient and the mean
frequency. The nonlinear perturbation approximation of Demir
[3] yields two formulas which are related to the mean frequency
and the diffusion coefficient. These formulas for
and the variance
of the phase variable (see
(13)) take the following form in our notation:
(8)
(9)
is determined from the Floquet vectors of the
The quantity
oscillator under discussion, and in this case we have employed
similar techniques to the approach employed by Coram [7].
Coram’s approach leads to the following results:
with all other
for our example. For the oscillator under
discussion (6), these equations(8) and (9) are equivalent to the
following forms:

as

(13)

as
is the phase diffuThe time derivative of
sion coefficient . The phase variable is numerically simulated
according to (6) for large times. The resulting time dependent
moments of are fitted to linear plots after neglecting some initial data, the quantities and being derived from the slopes
of the fitted lines. A fuller and more detailed explanation of the
method may be found in Gleeson [1]; however, in this brief, we
will be concentrate on theoretical predictions of numerical results.
We begin by changing the frame of reference of our Langevin
system (6) by applying the following transformation:
(14)
The new variable

obeys the following equation:
(15)

where
(10)
(11)
It is these formulas which we intend to benchmark in this paper.
One final point to note is the concept of the accuracy of these
formulas to first and second order in the noise intensity. Accontribucuracy to first order implies the inclusion of all
tions whilst “second-order accuracy” implies the inclusion of
all contributions up to and including . It will be shown later
that first-order contributions correspond to single integrals of
the correlation function whilst second-order contributions correspond to triple integrals of the correlation function. It is for
this reason that we will refer to Demir’s approach as a first-order
approximation.
Gleeson [1] investigated the phase diffusion coefficient of the
linearized oscillator (6) using Monte Carlo simulations. This
method involves approximating the continuous Gaussian noise
processes by a large number of Fourier modes whose coefficients are dependent on the statistical characteristics of the noise
[1]. The problem of solving a Langevin equation is thus reduced
to one involving the numerical solution of an ordinary differential equation. Each time we solve the differential equation we get
a realization of the phase variable. By computing a large number
of realizations we have an approximate ensemble which may be
analyzed to derive the statistical behavior of the phase variable.
The large time growth of the mean and the variance of the
phase variable is linear in time and we may define these quantities asymptotically as follows:

(16)
(17)
This new equation (15) follows from (6) by differentiating (14).
The stochastic components of (15) have mean zero and the correlation functions
(18)
(19)
describes the behavior of the ensemble of
The density
solution trajectories
as time evolves and this density obeys
the stochastic Liouville equation [13]. This equation is an expression of the conservation of the number of systems in the
ensemble
(20)
with initial condition
(21)
The passage from (20) to a form which will yield a useful and
accurate analytic approximation of the phase diffusion coefficient is well known [14] and involves Fourier transforming the
spatial variable of (20) as follows:

(22)
as

(12)

is the mean of the phase variable at time . The time
where
derivative of
as
is , the mean frequency. Meanwhile

The Liouville equation (20) is Fourier transformed by multiplying the equation by
and integrating by parts. The
exponential definitions of cosine and sine lead to
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and
contributions in (23) below. If we integrate
the Fourier transformed Liouville equation the stochastic partial
differential equation is reduced to a stochastic integral equation
of the form

(23)
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(36)
Hence, by differentiating the first-order approximation of the
characteristic function (34) with respect to and to the following analytical results may be obtained using (31) and (32):

where the stochastic terms

(37)

(24)

(38)

(25)

(26)

Taking the limit of (38) as
, we get a first-order approximation of the diffusion coefficient. This is identical to Demir’s
result [3] for this particular oscillator

(27)

(39)

(28)

The analytical approximation also predicts a shift away from the
deterministic carrier frequency induced by the nonlinear interactions with the noise as shown in (37). This induced shift away
from the carrier frequency although not explicitly mentioned by
Demir [3] is implicitly implied from the formula he derives for
the mean frequency. Demir’s formula is correct to first order in
the noise intensity. This phenomenon is likely to be important
particularly when dealing with the power spectral density.
If we iterate (23) further to account for second-order effects,
we obtain improved representations for the time derivative of

have mean zero and the following correlation behavior:

over the realizations of
and
By averaging
the characteristic function of the probability density
is obtained. By differentiating the characteristic function we obtain representations of the moments of the phase variable
(29)
(30)
The results (29) and (30) may be related to the moments of the
phase variable as follows:
(31)
(32)
Approximations to the characteristic function
may be
obtained by successively iterating the integral (23), and averaging over the ensemble. The iteration of (23) involves substiand
which are
tuting representations for
defined using (23). The stochastic components of the integral
(23) are Gaussian and have mean zero. The Gaussian assumption means that all even moments may be rewritten in terms of
the second central moment. In terms of the problem under consideration we are concerned only with terms up to and including
the fourth-order moments. To this end, we may apply the general identity

(40)
where
(41)
Similarly a representation for the time derivative of the variance
may be derived

(33)
This idea is explained in greater detail in Van Kampen [13].
Iterating two times and averaging gives a result accurate to first
order in the noise intensity
(34)
where

(35)

(42)
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1

Fig. 1. Frequency deviation ! as a function of the oscillator frequency ,
with noise level 
:  , calculated from the phase mean over
realizations. The correlation function of the noise sources is given by (7). The
dotted line is determined from the approximation (38); the line is the asymptotic power law (46). The frequency and the mean frequency are expressed in
units of  .

= 25

10

Representations for the mean frequency and the diffusion coefficient which include second-order effects may be determined
.
by taking the limit of (40) and (42) as

Fig. 2. Phase diffusion D as a function of the oscillator frequency , with noise
realizations.
level 
:  , calculated from the phase variance over
The correlation function of the noise sources is given by (7). The dotted line
shows the approximation; the line is the asymptotic power law for large , D

. The frequency and the diffusion coefficient are expressed in
 .
units of  . It should be noted that T

10

= 25

p



=p

By similarly expanding the trigonometric elements of the integrals representing we find that
as

IV. ASYMPTOTIC APPROXIMATIONS
In this section we calculate an analytical result which describes the scaling of the diffusion coefficient and the mean frequency for our linearized phase (6). The results will apply for
large frequencies beyond the bandwidth of the continuous noise
process where for certain noise correlation functions secondorder effects dominate. This divergence occurs in the high-frequency region
(43)
To begin with we note the following asymptotic results which
may be derived using repeated integration by parts

as

(47)

where the second term comes from (39). One can see that if
, then
as

(48)

where
(49)
This condition corresponds to a noise source whose spectrum
. The diffusion coefficient for the corredecays faster than
of (7) has been numerically simulated and
lation function
plotted as a function of in Fig. 2. This correlation function
obeys the condition
and thus has a continuous noise
spectrum which decays faster than

(44)
(50)

as

(45)

Thus, we look for contributions of this form when we derive the
coefficient of
in our asymptotic expansions. This idea is
first applied to the asymptotic analysis of the mean frequency
equation (40). The resulting asymptotic form is
as

(46)

For the correlation function , the frequency deviation
has been plotted in Fig. 1 for various values of . We
note that under assumption 4.1 of Demir [3] the nonlinear perturbation approximation (8) predicts that the frequency deviation will be zero. This is contradicted by our numerical and analytical work. This verifies that it is incorrect to take account of
only
in (8), as in Demir’s Assumption 4.1—the higher harmonics have important effects in this case. Indeed we observe a
previously unreported behavior which is induced by the multiplicative noise processes, and have derived an accurate asymptotic approximation which predicts the behavior of the mean frequency beyond the noise bandwidth
.

The first-order approximation (39) is plotted and compared
to the Monte Carlo simulations and proves to be accurate for
moderate values of the carrier frequency . However for larger
, Demir’s result (42)
values , particularly when
that
becomes exponentially small proves to be inaccurate.
The line in Fig. 2 displays the accuracy of the asymptotic
result (48) for large frequencies, a result which is generic for
continuous noise processes whose spectra decay faster than
. If
as

(51)

Gleeson [1] has demonstrated numerically these asymptotic decays for various correlation functions.
V. DISCUSSION
The focus of this letter has been the development of a secondorder perturbation expansion which captures the unusual behavior of the diffusion coefficient at high frequencies for certain
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correlation functions. The asymptotic work shows that when the
the falloff of the diffunoise spectrum decays faster than
sion coefficient obeys the relation
(52)
for large , with

calculated from the following identity:
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contain the stochastic components of the problem.
where
In principle, a derivation of the mean frequency and the diffuwill follow in a similar fashion as
sion coefficient to order
before from the Liouville equation. It is important to note that
this paper is focussed primarily on second-order noise effects
and their consequences even for a simple, single-harmonic oscillator such as (6).

(53)
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