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ABSTRACT

Motion in Gaussian random space-time fields (“dynamical disorder”) is proposed as a model for certain dynamical
systems where fluctuations play an important role. Analytical and numerical methods adapted from the study
of passive scalar turbulence are applied to two examples: phase diffusion in noisy nonlinear oscillators and
demonstrating the existence of 1/f phase noise in the mean field of Kuramoto’s coupled oscillators model.
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1. INTRODUCTION

In this paper we study the scalar random processes 6(t) arising from the solution of equations of the form

do
— =F(0 0,1t 1
O P) (o), )
with F(#) denoting a deterministic function of 6, and u(6,t) a Gaussian random field. The random field has
mean zero

(u(0,t)) =0 (2)

(angle brackets denote ensemble averages) and, being a Gaussian (i.e. multi-variate normal) field, its statistics
are fully characterized by its correlation function

(u(6, tyu(6',1)) . (3)

The special case F() = 0 proves instructive: then 6(t) is randomly advected by u(6,t). This situation is
analogous to the two-dimensional motion of a small buoy floating on the ocean surface, with position vector x(t)

changing in response to the local velocity u(x,t) of the sea waves!:

dx

T u(x,t), (4)

and indeed many of our analytical and numerical methods for examining equation (1) are drawn from turbulent
transport theory. Equation (4) may also be characterized as motion in “dynamical disorder” — the disorder
being due to the #-dependence of the stochastic function w, but ‘dynamical’ because v is also time-dependent.
One limiting case of such dynamical disorder is the quenched disorder typical of percolation problems and flow
through random media?; this arises when the time-dependence of u(f,t) is very slow so that the randomness is
essentially frozen on the timescales of interest. In a different limit, u(6,t) may depend only very weakly on 6,
so that it is effectively a stochastic process in time, and the equation (1) is then an example of the well-studied
class of random differential equations with additive (white or coloured) noise.?

Motion in dynamical disorder has attracted recent research interest as a model for stock price dynamics* and
for diffusion in glassy systems.®> The analysis of equation (1) is non-trivial even for simple F'(6), as the dependence
of the stochastic field u on 6 makes the equation of motion inherently nonlinear. Results are obtainable using
perturbation methods® 7 for the case of weak nonlinearity, as well as some special exactly-solvable cases.®®

Correspondence to j.gleeson@Qucc.ie, telephone:+353 21 490 3410



Numerical methods for Monte-Carlo solutions of equation (1) have also been adapted from turbulent transport
theory.”

In this paper we examine systems of physical and engineering interest that give rise to motion in dynamical
disorder as in equation (1). More specifically, we concentrate here on the case where F(§) = U, a constant, so
that the deterministic motion is a constant drift with speed U. Moreover, a special type of dynamical disorder
u(6,t) arises naturally in our two examples: the so-called single-scale disorder which can be written® as

u(0,t) =Y () cos(f) — X (t) sin(6). (5)

Here X (t) and Y (t) are independent, stationary, zero-mean Gaussian coloured noise processes with variance x?
and correlation function R:

(X(OX() =YY () =w*R(t—1). (6)
We therefore have specialized equation (1) to
Ccll—f =U+4Y(t)cos(f) — X(t)sin(). (7)

In section 2 we demonstrate how equation (7) arises naturally in the study of oscillator phase jitter with coloured
noise sources; section 3 examines the mean field phase dynamics in Kuramoto’s'? ' model of coupled oscillators
and shows that 1/f phase noise may be detected. A distinctive feature of the analysis in both examples is the
importance of the spectral properties of the noise processes X (¢) and Y (¢) to the results. In particular it is
shown that the spectrum S(f) defined by

1 ° .

S(f) = — / R(r)e™ dr (8)
21 J_

must have finite second moment, i.e., ffooo f2S(f)df < oo, in order to obtain certain interesting features. For

example, the Ornstein-Uhlenbeck process which is often utilized as a model of coloured noise® has infinite second

spectral moment, so we also examine other coloured noise models to obtain our results.

2. PHASE DIFFUSION DUE TO COLOURED NOISE SOURCES

Noise sources in electronic oscillator circuits cause diffusion or jitter of the oscillator phase.'?> This causes

timing jitter in clock circuits and broadening of the power spectrum peak, possibly leading to interference on
nearby frequency bands in wireless communications applications. Accurately predicting this effect is therefore an
important element of circuit design. In recent work, Demir and co-workers have proposed a general method for
predicting phase diffusion in self-sustained oscillators in the presence of white'® and coloured'* noise sources. In
this section we show that a simple two-dimensional oscillator model similar to that proposed by Coram'® leads
to phase motion in dynamical disorder as in equation (7). Numerical simulations are used to compare the phase
diffusion in this model to the predictions of Demir’s general formula, and we highlight the need for higher-order
corrections to that formula.

Consider a two-dimensional, noisy self-sustained oscillator described by the equations

i = Bl—a® —y*)e—py+ X(t)
Bl —a® —y?)y + px + Y (1), (9)

which is simply the Cartesian form of the polar equations
7 = B(1—7%)r+ X(t)cosh+Y(t)sinh
: Y(t X(t
0 = ,u+—£ )cosé——ﬁ )sinﬁ. (10)

with = rcosf and y = rsinf, and dots denoting time derivatives. Note that such an oscillator is rather
generic, arising from a Hopf bifurcation when the phase-amplitude coupling parameter is zero.'® The oscillator



frequency is u, and the X (¢) and Y (¢) functions represent independent coloured noise sources in the original
Cartesian variables. For simplicity we consider here the case when the oscillator amplitude r is confined close to
the stable limit cycle at » = 1; in this case we can consider only the phase equation in the form

0 =p+Y(t)cosh — X (t)sin6. (11)

The noise terms are Gaussian, of mean zero, and so are fully characterized by their correlation function (6). For
definiteness, we choose the correlation function here to be

R(t) = exp <_;;) , (12)

with 7 being the correlation time.

Noting that equation (11) is similar to the single-scale dynamical disorder model (7), we are motivated to use
numerical experiments to investigate the diffusion properties of (11), i.e. find the phase diffusion constant of the
oscillator, and hence the phase jitter.!* Gaussian random functions may be constructed using a combination of
a large number N of Fourier modes, as follows:

N
X(t) = % Z ap, co8(wnt) + by sin(wpt). (13)

The amplitudes a,, and b,, are random numbers from a Gaussian distribution of mean zero and variance k2. The
wy, are from a distribution shaped as the Fourier transform of R(t) — for the correlation function we are using
this means the w,, are chosen from a zero-mean Gaussian distribution of variance 1/7. The function constructed

in this way is Gaussian in the limit N — 0o 17; we use N = 100 in the experiments reported here.

In each realization, the independent noise functions are generated as above. The ordinary differential equation
(11) is then solved numerically, using an initial condition of #(0) = 0, to find 6(¢). The diffusion constant D is
defined by the asymptotic relation

var(f) ~ Dt as t— oo, (14)

where var(6) is the variance of the distribution of phase values at time ¢:

var(d) = (0%()) — (0(t))°. (15)

In the experiments, the variance is calculated at a large number of timesteps. A linear fit to the variance at large
t gives the diffusion constant D as the slope of the fitted line.

The phase diffusion constant D is shown in Figure 1 for noise level kK = 0.25, and for a variety of values
of the main oscillator frequency p. The correlation time 7 is normalized to unity in these calculations. An
approximation, accurate to order 2, to the phase diffusion constant may be calculated according to the method

of Demir (equation (23) of his paper on coloured noise'4):

d o ("1 iuies) | —in(i—s)

2 var(9) =2+ | = [e ult=s) 4 =in } R(t — s)ds (16)

dt ) 2
and so in the limit of ¢t — co we get

e 2
D = 252/ cos(ps)e™ /2 ds
0

2
= VorkZle T, (17)

This is plotted in Figure 1 with a dotted line, note it fits the numerical results well for moderate values of the
oscillator frequency p. However, at higher values of the frequency p, the numerical results indicate that the
diffusion constant is much larger than the (exponentially small) value predicted by Demir’s formula. Indeed,
we find an empirical fit (long-dashed line) which in proportional to k*u~2 — note that at large frequencies a
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Figure 1. Phase diffusion D as a function of u, with parameters x = 0.25, 7 = 1. The dotted line shows the approximation
(17); the long-dashed line is an empirical guess for the large-u form in this case, D ~ 0.007u 2.

power-law decay of D with u is much slower than the exponential decay predicted in (17) and so can dominate,
even at small noise intensities .

‘We have shown in this example that coloured noise in a simple oscillator causes phase diffusion which matches
the formula of Demir'* at low oscillator frequencies, but seems to deviate at higher frequencies. Our further
numerical experiments indicate that this result is generic — when the spectrum S(f) of the coloured noise
processes X (t) and Y (t) decays faster that f~2 at high frequencies a power-law scaling with u of the phase
diffusion emerges at high oscillator frequencies (1 > 1/7). This effect is not captured by first-order (order x2)
perturbation methods such as Demir’s, but the ;=2 scaling may be shown to arise as a general second-order (i.e.
order k%) effect. We note that coloured noise processes of the type considered here can arise in many ways, for
instance from filtered Ornstein-Uhlenbeck or white noise processes. It seems likely that this second-order effect
will also be important in the high-frequency dynamics of more complex oscillators than the simple model (9)
presented here. Current work focuses on testing for a ;=2 scaling range of the phase diffusion constant in general
oscillators, and using higher-order perturbation theory to accurately predict the prefactor.

3.1/F PHASE NOISE IN THE MEAN FIELD OF COUPLED OSCILLATORS

The term “1/f noise” is applied to random processes in time whose power spectrum scales with frequency f as
f~% for a = 1 over a broad range of frequencies. Such processes are remarkably common in many applications
in physics, engineering and applied sciences, see for example the website!® and review article.! Electronic
engineers are especially interested in 1/ f noise and modelling thereof, as it is an important and poorly-understood
component of phase noise in oscillator circuits.* Many models of 1/f noise have been proposed, including an
exactly-solvable model in discrete time,?° but to our knowledge the oscillator ensemble phase noise examined
here is the first exact solution for a continuous-time 1/f process.

Kuramoto’s'® model of coupled limit-cycle oscillators has been widely influential, with applications to syn-
chronizing systems in a diversity of fields from biology,?!*?? to Josephson junctions,?® and semiconductor laser
arrays.?* 25 Strogatz!! gives a pedagogical review of Kuramoto’s mean-field approach and its historical context;
the theoretical predictions of synchronization have recently been confirmed experimentally using N = 64 chemi-
cal oscillators.?® Synchronization of the ensemble is generally described in terms of the amplitude of the mean
field of the oscillators; in this section we highlight the phase speed of the mean field, and show that it exhibits
1/f fluctuations.

In the Kuramoto model the phases §;(t) of N coupled oscillators are described by the equations

N
i € . .
Gj:wj—i-ﬁkilsm(ﬁk—@), ]Zl,...,N, (18)

where the dot denotes time derivative. The native frequencies w; are chosen from a distribution g(w) with mean
Q; note that ) may be set to zero without loss of generality by transforming to a rotating reference frame:
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Figure 2. (a) Mean field amplitude (p) as a function of coupling strength ¢, averaged over 100 realizations, for N = 50
oscillators. The critical coupling strength e. is shown with the dashed line; (b) An example of a mean-field trajectory in
the (X,Y) plane, with e = 0.3 and = 2m; (c) As (b), but with e = 1.9.

0; — 0; + ¢, wj — w; — . The coupling parameter € determines the strength of interactions between individual
oscillators. In the uncoupled (e = 0) case the oscillators are independent, but for sufficiently large € the individual
oscillators synchronize to a common frequency. The transition to synchronization is usually expressed in terms
of the complex mean field (order parameter) of the oscillators, defined as

N
. 1 .
pe““):XH'Y:NE et (19)

=]

Note that the equation (18) for the phases may be rewritten in a similar form to equation (7) by using the mean
field:
0; = w; + €[Y(t)cosh; — X (t)sinb;] . (20)

When the coupling is weak Daido?” has shown that the mean field components X (¢) and Y (t) are independent,
zero-mean Gaussian process, and so the phase 6;(t) moves in dynamical disorder as modelled by equation (7).

The amplitude p of the mean field is commonly used to indicate the onset of synchronization. Kuramoto'°
showed that (in the N — oo limit) the mean field amplitude p vanishes for € < €., where €, is the critical coupling
strength given by

(21)

However, for € > €. the mean field amplitude grows as

4 € — €.
_4 22
P eV @ .

near the critical point, indicating a transition to synchronization (Fig. 2(a)). Trajectories in the (X,Y’) plane
are confined near the origin for € < €. (Fig. 2(b)), but trace out a limit cycle of radius p for € > €. (Fig. 2(c)).
The angular speed of motion about the limit cycle is © = .

The effect of finite-N fluctuations upon these N — oo theoretical results has been considered in a number
of papers.2”:28  The mean field fluctuations scale as N=2, and so the synchronization transition at € = e.
is somewhat ‘smeared’ for finite N. Figure 2(a), for example, shows the average of the amplitude p over 100
realizations at various coupling strengths for N = 50 oscillators. The distribution of native frequencies is a
Gaussian of mean 2, with the variance normalized to unity:

1 w2

g(w) = Ee B (23)

so the N — oo critical point in equation (21) is €, ~ 1.60. The effect of the finite-N fluctuations is clear; we note
the similarity with the experimental results of Figure 2B of Kiss et al,?6 where N = 64 oscillators were used.
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Figure 3. Average (over 1000 realizations) of the phase noise spectrum at various coupling strengths: (a) e = 0 for
Gaussian g(w); (b) € = 1.9 (> e.) for Gaussian g(w); (c) € = 2.3 for Gaussian g(w); (d) e = 0 for Lorentzian g(w). Solid
lines correspond to 1/f slopes in each case. The spectrum predicted from the exact result (33) is shown as a red curve in
(a) and is almost indistinguishable from the numerical results.

The aim of this work is to highlight the effect of finite- N fluctuations upon the mean field phase speed v(t) = .
In particular we show that the stationary process v(t) has a spectrum scaling as 1/f at high frequencies. In
numerical experiments the time-dependent mean field phase speed is calculated as

s d LY
v(it) =0 = o tan X
XY -YX
- XX (24)
N N 5
_ > k=1 Zj:l 0; cos (0 — 6;) ' (25)

Sl N cos (0 — 0)

We calculate the spectrum of v by numerically solving the coupled equations (18) for N = 50 oscillators at
various coupling parameters e, taking the random initial phases 0;(0) as uniformly distributed. We choose a
Gaussian distribution g(w) of native frequencies, setting the variance to unity by a suitable choice of timescale,
and the mean to zero: ) = 0. After neglecting transients, in each realization a time series v(t) of 214 samples at
intervals At = 3.125 x 1073 is fast-Fourier transformed; the average spectrum over 1000 realizations is shown in
Figure 3. A clear 1/f range in the spectrum is apparent for coupling strengths from sub-threshold levels up until
the oscillators are all phase-locked at € > €.. Moreover, the 1/f spectrum is present even in the e = 0 limit of
uncoupled oscillators, Figure 3(a). This suggests that the 1/f spectrum of the mean phase speed is independent
of the synchronization mechanism.

The uncoupled (e = 0) limit may be examined analytically. We note that since the oscillators are independent
when € = 0, the mean field components X = % Zivzj cos(w;t) and Y = + Zjvzl sin(w;t) are independent and
(by the central limit theorem for large N) Gaussian. The autocorrelation function of X and Y defined by

(X®)Xt+7)y (YOY(t+71))

xeE o weE ) (26)




is related directly to their power spectrum S(f) by

SU)=5e [ eTR@YT = 9(0) (27)

:% .

where g is the distribution function of the native frequencies of the oscillators. In a recent paper?? we proved
that when X (¢) and Y (¢) are independent zero-mean Gaussian processes with autocorrelation function R(7) and
finite second spectral moment, i.e., f_oooo f2S(f) df < oo, then the correlation function R,(7) of the phase speed
v(t) defined in (24) is given by
_ 1 " 10 N2 2

Ry(7) = ((t)o(t + 7)) = SR {R()R"(r) — R'(r)*} log [1 — R(r)"] . (28)
Provided that the correlation function R(7) of X and Y is sufficiently smooth that R”(0) exists, a small-7
expansion of the phase speed correlation R, (7) yields the asymptotic form

1 72
Ry(7) ~ ~5.2 log (—2> as 7 — 0. (29)

70 70
Here the timescale 7y is defined by the initial radius of curvature of R(t):

0= [-R'(0)] 2. (30)
The phase speed spectrum S, (f) is the Fourier transform of R,(7), as in equation (27). The large frequency
asymptotics of the spectrum follow from the small-7 expansion (29) of the correlation function using the method

of steepest descents®C:
11

~ ﬁf
In fact for the Gaussian distribution g(w) of native frequencies, it is easy to see that the correlation function
R(7) of the mean field components X and Y is

Sy (f) as f — oo. (31)

L2

R(r)=e 7, (32)

and in this case equation (28) yields the phase speed correlation function
1 _ 2
RU(T):—glog [1—6 T}. (33)

The predicted spectrum for the uncoupled case is determined by a numerical integration of the form (27) over
the correlation function (33), and is almost indistinguishable from the numerical results, see Figure 3(a).

The condition on the finiteness of R”(0), or equivalently of ffooo f2S(f)df, imposed in the above analysis
requires the distribution function g(w) of native frequencies to have finite variance. While this is the case for
the Gaussian g(w) used above, the condition is violated is g(w) is a Lorentzian (Cauchy) distribution. An exact
solution for the N — oo order parameter p was obtained by Kuramoto!'® assuming a Lorentzian distribution of
frequencies and so this distribution is popular in the coupled oscillators literature. However, Fig. 3(d) shows
that 1/f phase noise spectra are not obtained when g(w) has the Lorentzian form

1

A1+ e?) 3

indicating that the finiteness of the variance of g is a necessary condition.

The 1/f tail of the spectra shown in Figure 3 has a lower-frequency cutoff at a ‘shoulder’ frequency of order
one. Our nondimensionalization of time by the standard deviation wy of the native frequencies implies that the
dimensional shoulder frequency is approximately wg. Thus a narrower distribution of native frequencies about
the mean (lower wy) leads to a lower frequency shoulder in the 1/f spectrum.
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Figure 4. Spectrum of the phase speed On of the Nth oscillator (for N = 50), with non-uniform couplings as in equation
(35): €1 = €2 = ... = ey—1 = 0.3, and for three different values of the strong coupling: ey = 10° (top spectrum),
en = 10*, and ey = 10% (bottom spectrum). Averages are taken over 100 realizations.

It is important to stress that the spectra shown in Figure 3 are those of the mean field phase speed, and
their properties, including the 1/ f scaling, are due to the collective effects of the N oscillators. By contrast, each
individual oscillator, for instance the jth, has its own phase speed éj, which does not in general exhibit a 1/f
spectrum. Indeed this is clear in the ¢ = 0 limit, as the phase speed of the individual oscillator is the constant
w; (giving a delta-spike spectrum), whereas the mean field phase speed © has the rich spectrum of Figure 3(a).
Nevertheless, it is interesting to consider situations in which 1/f scaling might be observed in the phase speed
spectra of individual oscillators. One such scenario arises if each oscillator has its own coupling strength ¢;, so
that equation (18) is modified to

where the dependence on the mean field (19) has also been made explicit. Suppose now that the coupling strength
of the first N —1 oscillators is uniform and subthreshold (e; < €. for j = 1,..., N —1), but that the Nth oscillator
is very strongly coupled to the mean field, i.e., ey > e.. With the second term on the right-hand-side of equation
(35) being dominant for j = N, the Nth oscillator synchronizes with the mean field on a fast timescale, and so
the spectrum of Oy is expected to display a 1 /f range. Figure 4 shows the results of numerical simulations of
N = 50 oscillators with € = €3 = ... = ey_1 = 0.3, and for various large values of ex. When the Nth oscillator
is strongly coupled to the mean field, its phase speed develops a 1/f spectrum over a frequency range which
grows with the coupling strength.

4. DISCUSSION

We have examined two examples from engineering applications where the single-scale motion in dynamical
disorder, equation (7), arises naturally. The effect of fluctuations in such systems is quite distinct from those
generated by additive noise.?

In section 2 we calculated the phase diffusion in a self-sustained oscillator due to coloured noise sources,
and showed that the general method of Demir'* requires a correction for certain noise sources. Specifically,
higher-order perturbation theory gives a xk*u~2 correction to Demir’s order x2S (u) formula, and the correction
term can dominate at high frequencies ;1 when the spectrum S(f) of the coloured noise decays faster than f~2.

In section 3 the mean field phase speed © of Kuramoto’s coupled oscillators model is shown to have a 1 /f
spectrum, provided that the distribution g(w) of native frequencies has finite variance. An analytical result is
derived for the uncoupled € = 0 case, but numerical solutions indicate the persistence of the 1/ f scaling somewhat
above the synchronization threshold, see Figures 2(c) and 3(b) for instance.

The study of single-scale dynamical disorder, equation (5) has thus led to new and interesting applied results
in two rather different examples. It is anticipated that the general case, equation (1), will require further
mathematical advances, and lead to significant increases in the understanding of systems where fluctuations play
an important role.
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