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Abstract

A novel functional method is applied to calculate the statistics of a passive scalar in an isotropic
turbulent velocity field. The method yields asymptotic series expansions for small velocity correlation
time, from which approximate closure equations are derived. The closure method admits a diagram
expansion, and is implemented as a Mathematica program. Padé summation of the asymptotic series
yields accurate values for the effective diffusivity and gives formulas expressing the Lagrangian corre-
lation of the velocity in terms of the Eulerian correlation. The approximations compare very favorably

with numerical simulations of advection by a Gaussian velocity field.
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1 Introduction

When a pollutant tracer or small amount of heat is transported (or advected) by a turbulent fluid, it does
not significantly affect the flow by its presence. Such a quantity is therefore called a passive scalar. Since
the advecting fluid is in turbulent motion, it can only be described by its statistical characteristics, notably
the mean value of the fluid velocity and the energy spectrum of the flow. It is to be expected that the
passive scalar will also require such a statistical representation. An outstanding problem in fluid mechanics
is to describe the statistics of the scalar, given the velocity statistics.
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In particular, there is considerable interes in the calculation of the mean scalar concentration, the

dispersion rate of tracers and the effective (or “turbulent”) diffusivity. The effective diffusivity has been
examined by various workers using different closure schemes, e.g., Roberts’® application of Kraichnan’s®
direct interaction approximation and the self-consistent theory of Phythian and Curtis.? In this work, we
introduce a functional method which enables us to derive successively improving closure approximations.
We generate a diagram expansion similar to that employed by Dean et al.2 for time-independent Gaus-
sian velocity fields, and demonstrate the interpretation of the diagram series as an asymptotic series in
the velocity correlation time, denoted by 7.. Thus, 7, is the characteristic time over which the velocity
remains appreciably correlated. The vanishing 7. limit leads to a white-noise (delta-correlated) advecting
velocity, which was introduced by Kraichnan® and has attracted considerable recent attention, particularly
in regard to the anomalous scaling of the scalar moments.” 1% Silant’ev!'! notes the possibility of using an
iteration scheme to generate an expansion in 7, for the long-term effective diffusivity, but highlights its
poor convergence in the physically relevant case ,u/l = O(1), i.e., when the velocity correlation time is on
the order of the eddy circulation time. (Here [ is the integral scale of the turbulent velocity field and w is its
r.m.s. value). The importance of this case is highlighted by the available data on the velocity correlation
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function in turbulent flows—see, for example, the experimental results of Comte-Bellot and Corrsin** and



the numerical calculations of Sanada and Shanmugasundaram'® and McComb et al.!* We implement the
diagram rules as an algorithm, using the symbolic manipulation capabilities of Mathematica, and calculate
up to five terms in the 7, power series for the long-term effective diffusivity. Silant’ev argues that such a
series is useful only for very short correlation times, but we show the corresponding Padé approximations
converge rapidly and give accurate results, even when 7, is on the order of the eddy circulation time.
Predictions of tracer dispersion and pollutant spread are most easily expressed in terms of the La-
grangian velocity correlation, i.e., the correlation measured when following a fluid particle (see Taylor,'®
Csanady!). On the other hand, experimental data is almost always measured at fixed points, giving the
so-called Eulerian correlation functions (or spectra). A classical turbulence problem is the determination
of a connection between the Lagrangian and Eulerian correlation functions—see, for example, Saffman’s'6
application of Corrsin’s conjecture!” to obtain a quasi-normal type closure. This and related methods are
reviewed in the context of one-dimensional fields by Davis.!® A simple generalization of the method out-
lined above allows us to write Padé-type approximations which give explicit expressions for the Lagrangian
velocity correlation in terms of the Eulerian correlation functions. We perform numerical simulations
of Gaussian velocity fields and find the approximations for the effective diffusivity and the Lagrangian
correlation to be accurate for correlation times which are on the order of the eddy circulation time.
Consider the advection of a passive scalar 6(x,t) (representing, say, pollutant concentration) by a

random, three-dimensional, incompressible velocity field u(x,t):

%9+u-v0—n0v20:0 (1)

where kg is the molecular diffusivity. The velocity can be calculated by solving the Navier-Stokes equations
(at least in principle, if not often in practice), but for simplicity here we will suppose it to be a Gaussian
(i.e., multivariate normal) random function with known correlation (u,(x,t)ug(x’,t")). We will further

assume the velocity statistics to be homogeneous and isotropic.



If we take the initial condition for the passive scalar equation (1) to be
0(x,0) = 6(x), (2)

then 6 dx is the probability, for one realization (i.e., an experiment giving u(x,t)) of the turbulence, that
a marked particle which was at the origin at time ¢ = 0 will be in the volume element dx at time ¢. The
average probability density (6(x,t)) is found by averaging over the velocity statistics. The dispersion or
mean-square displacement of the marked particles at a time ¢ is a measurement of their distance from the

source at the origin and can be calculated as

with summation over repeated indices and integration over all of space. The quantity

dD(t)
i (4)
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is often called the effective diffusivity or eddy diffusivity. These names arise from the use of this quantity
in diffusion equation approximations for turbulent advection.!

Averaging equations (1) and (2) yields the following equations for the mean concentration O(x,t) =

(0(x,1)):

o
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Evaluation of the term (uf) is complicated by the fact that € is a non-trivial functional of the random
velocity u. In the next section we outline a method for expanding (uf) as an infinite series which may be
truncated to give integrodifferential approximating equations for ©(x,t). Having obtained equations for ©
in this manner, we may calculate series approximations to the dispersion D(t) and the effective diffusivity

k(t) according to equations (3) and (4).



2 The Functional Derivative Closure

Exposition of our method is eased by transforming the governing equations to wavenumber space, i.e.,

writing them in terms of Fourier-transformed variables such as

B(k, ) = # / B(x, t)e=** dx.

(Henceforth we consider only such Fourier-transformed variables and so can use the same symbol as in
physical space without ambiguity). The transform of equations (1) and (2) yields the following pair of

equations for 6(k, t):

%9 + Kok?6 = —i /(k —p) - u(p,t)f(k — p,t)dp (5)

6(k,0) =1, (6)
which may be averaged as above to find equations for O(k,t) = (6(k,t)):

0+ ko0 = —i [ (k= p) - (u(p, )0k . 1)) dp

0O(k,0) = 1. (7)

Again the difficulty is the evaluation of the stochastically nonlinear term (uf).
We introduce the functional derivative closure method (FDC hereafter, for further details see Ref. 19).
The goal is the representation of (uf) as an infinite series, truncations of which give closed equations for

©. The FDC series is generated by repeated application of a theorem due to E. A. Novikov:2°

Theorem 1 (Novikov, 1965) For Gaussian random functions u,(p,t) with zero mean, the cross-correlation

(uo (P, t)F[u]) may be computed as

(o OFTa) = [ty [ dp o vyt t) (50 )

6“’5 (q7 tl )

Here F' stands for any functional of u.



In particular, taking F[u] = 6(k — p,t), we have

(10 0,000 = p,0) = [t Quaput 1) (=B,

(5UB(—p, tl)

where (), is defined by the relation for homogeneous stationary turbulence:

(ua(k, )us(p,t1)) = 6(k + p)Qas(k,t —t1).
For incompressible velocity with isotropic and stationary statistics, Q45 may be written®!

E(K)R(T, k kok

where E(k) is the usual energy spectrum and R(r, k) is the time correlation function of the velocity (with
R(0,k) =1).
An aside on functional differentiation is in order here. The standard definition (e.g., Ref. 22) obeys the

rules of normal differentiation, i.e.,

5 _ iR Rl]
oft BRI =S50+ )
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In order to apply Novikov’s theorem (8), a formal solution of (5) for 6(k — p,t) is written as:

t
f(k —p,t) = e~rolk—pl*t _ Z/ dty e~ rolk—Pl*(i=t2) /dq (k-p—q)-u(q,t)fk—p—q,t). (9)
0

This is simply the integral equation corresponding to the differential equation (5) with initial condition

(6). Taking the functional derivative and averaging yields

(Gube SRl — im0, (o0, 1)

6uﬁ(_p>t1)
t 2 00k —p —q,t2)
—i [ dtyerolk—Pl (Hﬂ/d k—p-— < t 2 > 10
’L/O 2¢€ q( P q) ll(q 2) 6UB(—p,t1) ( )




The second term on the right-hand side contains an integrand of form (u, F[u]), and so it may be expanded
by applying Novikov’s theorem again. If, instead, we ignore the second term and consider the first term on
the right-hand side of (10) as a first approximation to (66/dug), then Novikov’s theorem (8) gives a first

approximation to (7):

t
00+ Rk = - [t [ dp (o = p)@ua(pst = t)kse P e 1), (11)
0

and we call this the FDC1 approzimation to (7). Note this is a closed equation for ©, the solution of which
gives an approximation to the exact average probability density. The correction to this approximation is
found by applying Novikov’s theorem to the second term on the right-hand side of (10). This correction
involves a second order functional derivative, which is evaluated from the formal solution (9) and another
application of Novikov’s theorem. Successive applications of Novikov’s theorem to higher functional deriva-
tives of (9) enable us to approximate the right-hand side of (7) as a series of integrals over ©, each weighted
by multiple factors of Q3. The FDCn approzimation is defined to be the truncation of this series which

contains the integrals over m factors of Qqs, for all m < n. Thus, the FDC2 approximation to (7) contains



integrals in which Q appears once and twice:

%@(k,t) + kok?O(k, t) =

t
_/ dh /dp [(k —p) Qp,t —t1) - K] e relPFt-tQ (K )
0

+/Otdt2 /Ot2dt1 /Otldtg //dpdq{[(k—p)-Q(p,t—tl)-(k—Q)]

x[k—p—a) Qa,t> —t3) - k]
(12)
« e~ Fo[[k=p[*(t=t2) +k—p—a|*(t2—t1)+|k—al*(t: ~t3)] }@(k, t3)

+/0tdt2 /0t2dt3 /Otgdtl //dpdq{[(k—p)-Q(p,t—tl)-k]
x[(k—p—a) Qa,tz —t3) - (k — p)]

« e~ Fo[[k=p[*(t=t2)+k—p—al*(t2—ts)+k—p|* (ts—t1)] }@(k, t1).

We have adopted the notation k - Q - p = ko Qapps-
In the next section we introduce the diagram expansion, which allows us to concisely represent the
complicated approximation equations like (12) in terms of geometrical diagrams. This representation also

facilitates the implementation of the approximation scheme in Mathematica (see section 5).

3 Diagram expansions

Clearly the FDC approximation equations quickly become very complicated to write down. However, the
equations may be reproduced from a diagram expansion by applying a few simple diagram rules. Diagram
expansions are an accepted bookkeeping device for perturbation series.? 2324 First, define the diagrams
of order n to be n-polygons with dotted lines joining pairs of vertices. Then the FDC diagrams of order
n are those diagrams of order n which are connected, i.e., which cannot be split into two separate parts

by cutting one solid line. For example, the FDC diagrams of order 1 and 2 (which represent the FDC2



approximation (12) above) are shown in Fig. 1. The FDC equation is recovered from the diagrams by
applying the following diagram rules.

Consider the diagram

(13)

which represents the first FDC2 term

/ dt2/ dt1 / dtz Hypo Hiopy Hyytg / dpdq[(k —p) - Q(p,t —t1) - (k —q)]
0 0 0

x [(k—p—q) - Q(a, ts — t3) - k] e~ ollk-PP =t lkop-al (et tk—al (it (i ). (14)

Here H;s represents the Heaviside function

1 ift>s,
Hts =
0 otherwise

Observe that (14) may be produced from (13) by applying the following rules:

1. Vertex labels are the time integration variables, except for the first vertex (which is always labeled

).

2. The time integral limits are determined by associating a factor of H;;, with the solid line joining

vertices labeled ¢; and ;.

3. The wavevector integration variables are the wavevectors labeling the internal dotted lines; these

integrals are over all wavevector space.



4. The vector sum of wavevectors at each vertex is zero, except for the first vertex (labeled ¢) which has

sum +k, and the final (circled) vertex which has sum —k.
To compose the integrand, we multiply the factors resulting from each of the following rules:

5. For each internal dotted line, consider the start and end vertices. For example, in (13) for the
internal dotted line labeled p, the start vertex is labeled ¢ and the end vertex is labeled #;. Both
the start and the end vertex have solid lines emanating from them; suppose the wavevector labels
on these lines are a and b respectively. Then the factor we seek is —a - Q(p,t — t1) - b where p
is the dotted line label and ¢ and ¢; are the start and end vertex labels. (If the end vertex is the
circled vertex, then let b = k). In the example (13), a =k —p and b = k — q, so that the factor is
—(k—p)-Q(p,t—t1)-(k—q). By applying this rule again to the second dotted line, we find another

factor of —(k — p — q) - Q(q,t2 — t3) - k.

6. For each solid line joining ¢; to t; say, and labeled by a, multiply by a factor of exp (—kola|?(t; — t;)).
In the example (13) this gives us three factors of exp (—kolk — p|*(t — t2)), exp (—ko|k — p — q|*(t2 — t1))

and exp (—rolk — q|?(t1 — t3)).
7. Finally, the circled vertex carries a factor of O(k,¢;), where ¢; is the label of the circled vertex.

These rules form an algorithm for finding the FDC equations and so may be implemented using a symbolic
manipulation program like Mathematica.

Recalling the definition (3) of the dispersion D(t), we find

D(t) = —(27r)3% (%fakae)(k,t) i (15)

This relation allows us to find expressions for the dispersion (or more readily the effective diffusivity D /2)

from the FDC evolution equations for O(k, t), for example (12). Taking the evolution equation for ©(k,t),
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applying the operator —(271')3%%, then setting k to zero (and noting ©(0,t) = (27)~2 since © is a

probability density) yields the FDC2 equation for the effective diffusivity s(t) = £ 42:

= 2dt
k(t) = ko + k1 () + Ka2(t), (16)
with
ki (t) = ; /0 tdtl / 4:?;2 E(p)R(t — t1,p) e~ rop(t=t1),
and

w =3 [ 't / "t / Vs [ 49 pauto’” =~ DEGE@R( — 1,9 RlE: — 13,0

 e—ho[P” (t=t2) +(P*+a* +2pap) (t2—t1)+4° (t1—t3)]

+ 252 (1 — 2 E(p) E(Q)R(t — t3,p) R(ts — tr, g)e™ o [P* (-t 07 b4 2pm (ta=tr) b (1=t }

We denote by p the cosine of the angle between p and q, i.e., p = p - q/pq. Here k,(t) represents the new

term appearing in the FDCn approximation and (16) is the truncation at order two of the series
K(t) = Ko + Y kn(t). (17)
n=1
In Ref. 19 it is demonstrated that
kn(t) =0 (2"7') as 7. —0,

where 7, denotes the velocity correlation time, nondimensionalized by, say, the eddy circulation time. In
other words, the series (17) is an asymptotic series for small velocity correlation time. In section 5 we
consider truncations of this series—for example (16)—each of which yields a quadrature expression for the
effective diffusivity r(¢), depending only on the energy spectrum E(k) and the time correlation function
R(7,k). The diagram rules for © are easily generalized to give a diagram-based algorithm for the FDC

series for k(t).

11



4 Interference of turbulent and molecular diffusion

In the absence of molecular diffusivity (ko = 0) the dispersive effect denoted by D*0=0(¢) is referred to as
pure turbulent diffusion. In general ko > 0 and the molecular diffusivity interferes non-trivially with the
turbulent diffusivity. Saffman?® has considered this question and by considering solutions of the passive

scalar equation on short time and length scales he demonstrates that
_ 1 —
D(t) = D*o=%(t) — §/<aot3w2 +O(tY), (18)

for small times ¢. Here w? is the mean-square vorticity. We consider the FDC expansion for the dispersion

in a similar form to (17):

D(t) =) Da(t),
n=1
and for small ¢ obtain

o0
Dy (t) = DI7O(t) — 2ot} / dpp* E(p) +

9 0
+ 1—18t4 [n% /Ooodpp‘*E(p) — 2K /Ooodpp2E(p) %—If tJ +0(t%) (19)
Dy(t) = D5°=°(t) + O(t"). (20)

Since (see, for example Batchelor®!)
oo 1_
/ dk K2E(k) = ~i0?
0 2
and

/ dkk*E(k) = %[v x w2,
0
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we may rewrite (19) and (20) as

— 1 —
Dl (t) = Dfo_o(t) — §/<;0t3w2 +

1,0 ,1 . /°° ) OR
— - —2 E(p) =
5t ﬁoQ[wa] o | dpp*E(p) o

] + O(t%); (21)

t=0

Dy(t) = D5=0(t) + O(#°). (22)

Evidently to O(#?) Saffman’s conclusion of destructive interference of the molecular diffusivity with the

turbulent diffusivity is confirmed by this small-time expansion of the FDC series.

5 The long-term effective diffusivity

We now set the molecular diffusivity kg to zero, in order to examine the mixing effects of the turbulent

velocity field. The long-term effective diffusivity is defined to be

k(o0) = tlirgo k(t)

when the limit exists. As a first example, consider a velocity field with energy spectrum
3
E(k) = Su®6(k — ko) (23)
and time correlation function
R(t, k) = e 1t/

We nondimensionalize using a reference length kj' and a reference time u='k;" (henceforth we use 7, to
represent the nondimensional correlation time), and implement the diagram rules in Mathematica. The
delta-function spectrum reduces all wavevector integrals to angular integrals, while the time integrals may
be done separately and straightforwardly to yield the appropriate power of 7,. Finally the angular integrals

are also performed on Mathematica. All integration is done analytically so the results for each diagram
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are exact. The following is the expression for the nondimensional long-term diffusivity, correct to order 72

(i.e. retaining terms up to, and including, k5(t) in (17)):

1 11 4061 8775029
K(00) = Ty 1——7'3+—7'4— 6 8

2 247~ 72007 T 10080000 T 7|

(24)

Note the alternating signs of the coefficients, and the fact that all coefficients are O(1). This series does
not converge quickly (if at all), nor should we expect it to—the FDC method is justified as a perturbation

9

method for small correlation time,'® so we must accept (24) as a possibly divergent asymptotic series.

5.1 Padé approximation

We are thus motivated to examine methods for summing perturbation series. One well-known method is
Padé approximation.”® Briefly, given a power series f(z) = 307 a,2z", the Padé approximant Pjy(z) is a
rational function, i.e., a ratio of two polynomials, with numerator of degree N and denominator of degree
M, whose Taylor series agrees with f(z) for the first N + M +1 terms. To examine the Padé approximants

to (24) we let z = 72, and consider the Padé approximants for the term in square brackets in (24):

1
PY(z) = ——
1( ) 1 + %Z
5
! 1411z
1661
21(2) = ;4_1‘_1 100 259
1+ 5002 + 7502
+ 8514637 + 18482041 2
2
‘F)2 ( ) _ 4351200 52214400 (25)

= 10690237 58691863 .2 °
1+ 351300 2 T 53214400

From Fig. 2 we can see that the Padé approximants appear to be converging and doing so much more
rapidly than the basic series (24).

The convergence theory of Padé approximants is chiefly based upon Stieltjes series, i.e., series of the

14



form
Z an(—2)",
n=0

where the coefficients a,, are the moments of a real nonegative function p(s):

ap = /000 s"p(s)ds, p(s) >0 (0<s< o).

For these series it can be shown?627 that when z is fixed, PY (z) decreases monotonically, Py, | (z) increases
monotonically, and P{ (z) = P, (2) as N increases. Although we cannot prove that our series (24) is a
Stieltjes series, the available Padé approximants do indeed have these properties. Thus we conjecture that
7. P3(72) provides a lower bound for the nondimensional effective diffusivity and that 7.PZ(72) provides

an upper bound, i.e.,
TPy (12) < K(00) < TP (72). (26)

Since P} (72) and P?(r2) differ by only about 1% even at 7. = 1, we conclude that (26) gives an accurate

approximation for the long term effective diffusivity for (dimensional) correlation times as large as (uko) *.

5.2 More general spectra

Even when the energy spectrum does not have the simple delta-function form considered in (23) above,
the FDC integrals can always be reduced to multiple integrals over wavenumbers and time by doing all
the angular integrals exactly (see appendix). Moreover, for simple forms of the time correlation R, the
time integrals may also be done exactly, leaving just wavenumber integrals over the energy spectrum E(k).
Using the Mathematica program based on the diagram expansion, we have calculated the first few terms in
the FDC series for the long-term effective diffusivity for a variety of spectral shapes and time correlation

functions. Specifically, we list in Tables I and II results of the form (24) for the following energy spectra
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and time correlation functions:

E.(k) = guzfs(k — ko)

42k
Ey(k) = ——— exp(~k*/k2)
w2k}
L w2k for ko < k < (14 B)ko,
E.(k) = 1—(14+8)"3

0 otherwise
R, (t, k) = exp(—wgt])
Ry(t, k) = exp(—wit?)

R.(t, k) = exp(—wg|t]) cos(2wyt)

where the “inverse correlation time” wy equals one of 1/7.,k/7. or k? /.. Spectrum FEj, is often used to
approximate the final stages of decaying turbulence and spectrum E. models an inertial range. Each
spectrum is normalized so that
o 3
/ E(k)dk = Zu®.
0 2
The time correlation function R, makes the time integrals very simple; however, it is not differentiable at
t = 0 and so we include R}, as a more realistic model. Note that both the above time correlation functions
are positive for all ¢; we also consider the effect of negative loops in the time correlation function when we
use R..
Padé approximants like (25) for certain cases from Table I are plotted in Figs. 2 to 7. For each case

we calculate the integral length
_ 31 [y kT E(k)dk

=7 I E(k)dk

and plot the available approximants for values of the dimensionless correlation time 7, running from zero

up to the (dimensionless) eddy circulation time [kp. In general there is not much difference between the

16



approximations resulting from correlations R, and R; (see Figs. 3 and 4), indicating that the shape of
the correlation function near ¢t = 0 is not critical to the value of k(co). Note also that the convergence of
the approximations is improved when passing from wy = 1/7. to wy = k/7. to wy = k? /7. (compare Figs.
5 and 6). In all cases with time correlation R, and R, we find behavior of the Padé approximants which
we term Stieltjes-like, i.e., the power series coefficients alternate in sign, Pf\}’ decreases monotonically and
Py 41 increases monotonically as N increases, with no poles of the approximants being on the positive real
axis. This leads us to conjecture that Padé approximants provide successively improving upper and lower
bounds on the long-term effective diffusivity (as they are known to do for Stieltjes series), when the time
correlation function is always positive. However, for time correlation R. the sign pattern of the power
series coefficients violates the Stieltjes rule, and indeed we find a pole of the P approximant for energy
spectrum E, at 7. = 1.96. Nevertheless the higher order Padé approximants still converge rapidly (see Fig.
7), so we can still find close approximations for the value of the long-term effective diffusivity, although
without the neat bounding behavior of the Stieltjes-like series. The accuracy of these approximations is

demonstrated by comparison with numerical calculations of the effective diffusivity in section 8.

6 Generalized Padé approximation for x(t)

We wish to generalize the ideas of the preceding section to the calculation of k(t), the effective diffusivity
at finite time. Each diagram contribution can be calculated as before and now generates a function of t.
We alter the time variable to £ = t/7. and change each integration variable to t, =t /7« to pull a factor of

7271 outside each FDCn integral. The generalization of (24) then has the form

*

K(t) = Tk (t)T) + T2Ro(t)7e) + T2 K3 () T) + . .. (27)
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with &, (c0) being the FDCn contribution to the long-term effective diffusivity as calculated previously. For

example, for the energy spectrum E, (k) we know from (24) that k1 (c0) = 1, k2(00) = —3 and k3(c0) = 11.

Now we generate the generalized Padé approzimants to (27) by treating each k;(t/7.) as if it were a constant

coefficient in a 7, power series. Thus we approximate k(t)/7« by

K1 (t/T)
P (1) = 1 rali/r) 5
T Rt/ TH
2
k1 (t/70) — 'il(t/T*)NB(t{T:)*Nz(t/T*)T*z
Pl(r%t) = e , (28)

Ka(t/Te) ' *

and so on. The quadrature expressions for 1 (#), x2(f) and k3(#) are listed in the appendix.
In Fig. 8 we fix 7, = 1 and plot the approximations 7, P?(72;t) and 7. PL(72;t) to k(t) as functions of
the time ¢. The generalized Padé approximants are found to give good approximations for all ¢ and for 7,

up to order one, i.e., for dimensional correlation times on the order of the eddy circulation time.

7 The Lagrangian correlation

Having introduced the generalized Padé approximation to x(t) for 7. of order one, we go a step further

and consider how this method can approximate the Lagrangian correlation for isotropic turbulence

L(#) = 5 {wa(x0, O)ua(x(6), )

where r(t) is the position vector of the fluid particle which was at x¢ at time 0, i.e.,

r(0) = xo. (29)

The Lagrangian correlation is a very useful quantity in studies of turbulent diffusion and particle

dispersion,! but for experimental flows the Eulerian correlation (which is measured at two points fixed
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in space, instead of following a fluid particle as for L(¢)) is much easier to measure. It is therefore of
considerable interest to investigate whether a connection can be made between the Lagrangian correlation
and the known Eulerian correlation.

It follows from the definition of the Lagrangian correlation that

d 1 &
= —k(t) =

= 52 D(b). (30)

As we have already detailed an accurate approximation scheme for (t), it is straightforward to apply it

to L(t). We take the series of FDCn integrals (27) for x(t):
K(t) = Turr (t/T) + ToRa(t/T) + ...
and differentiate with respect to ¢ to get a series for L(t):
L(t) = %n(t) = Ky (t)Te) + T265(t/Te) + . .. (31)

As each of the k;(#) functions is produced from repeated time integrals, the derivative x%(f) reduces to an

integral of one dimension less than x;(). For example, the FDC2 term ks(f) is defined by (see appendix):
N [e’e) [e’e) E B fl N 52 B 4k2 ~ B ~ N
Kao(t) = —/ dkl/ dkg/ dtl/ dt2/ dts E(kl)E(kg)ﬁR(t —t3, k1) R(t1 — ta, ko),
0 0 0 0 0

where E(f, k) = R(r.t, k). This can be put in a more convenient form by employing the change of variables
S1 = 7?— 51,82 = 7?1 — 52,83 = 7?2 — 2?3 to obtain:

_ 00 00 t i—s1 t—s1—82 4k2 ~
K2 (t) = — / dkl / dkg / d51 / d82 / d83 E(kl)E(kﬁz)?lR(Sl + 82 + S3, kl)R(SQ, k2)
0 0 0 0 0

and then the differentiation is easy to perform:

N [e’e) o0 f 1":751 4k2 ~ -
Ko (t) = —/ dkl/ dkz/ d81/ dsy E(kl)E(kz)TlR('%kl)R(Sz,k2)
0 0 0 0

[e'e) [e%e] t N El " 4k2 ~ ~ . ~
- —/ dkl/ dk2/ dtl/ diz B (k) E(ks) =5~ R(E, k) R(Ey — 2, ko).
0 0 0 0
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From (31) we generate the generalized Padé approximants for L(t) as we did above for «(t). In the
cases we have calculated these converge remarkably quickly, so that P?(72;t) and Pl(72;t) give very good
approximations even at 7, = 1. It is therefore worth explicitly recording the approximations these give for

L(t) in terms of the Eulerian correlation functions:
L(t) = Ly (t/7:) + T2 La(t/T) + . .. (32)
with
2 [ ~
L) =3 / dky Bk )R, k)
0
00 [e%e] i 5 fl ~ 4k2 ~ . ~ ~
Ly (t) = —/ dkl/ dkg/ dtl/ dt, E(kl)E(kg)TlR(t,kl)R(tl — ta, k2),
0 0 0 0

and the Padé approximants to L(t) are then

Ly(t/7.)
Plo(TEEt) = 1 i2(t/r*) 5
Lt/ 'k
2
Li(t/7) — Ll(t/T*)L3(t/T*)—L2(t/T*)T2
12,4\ _ Lo(t/7+) *
Pl (T*7t) - 1— L3(t/7i) 5 (33)
Lo(t/7e) T

In the next section we generate a random velocity field with a given Eulerian spectrum and advect
particles according to (29). These numerical simulations show that the FDC-Padé approximations to the
Lagrangian correlation are indeed accurate for 7, of order 1, i.e., for dimensional correlation times on the

order of the eddy circulation time (see Fig. 11).

8 Numerical simulation of advection by a random velocity field

We create a random velocity field with prescribed statistics and follow fluid particles as they advect,

recording the statistical quantities for comparison with the theory of the previous sections. We consider

20



Gaussian velocity fields with prescribed energy spectra and time correlation functions. The velocity field

is generated using a method based on that used by Kraichnan.?® In each realization, we set

N
u(x,t) = A Z {zn cos [k, - X + wpt] + ypsin [k, - x + wyt]}.

n=1

To ensure incompressibility, we have
z, =k, x a, and y, =k, X b,,

with a, and b, chosen from independent Gaussian distributions. The frequencies w, are chosen from a
random distribution to produce the desired time correlation function R(t, k). For example, a Gaussian dis-
tribution with standard deviation 1/, results in the time correlation function R}, with inverse correlation
time wy = 1/7. The vectors k,, are chosen from a distribution shaped so as to produce the desired energy
spectrum E(k): for E,(k) the k,, are isotropically distributed on a sphere of radius kg, whereas for Ej (k)
each component of k,, is selected from independent Gaussian distributions of standard deviation kg. The

amplitude A is chosen so that
o0
(a3, o (x, ) =2 [ Bk
0
= 3u?,
so for E,, A = (3/2]\7)1/2 uky ' and for By, A = (1/]\7)1/2 uky'. The number of modes N is taken to be

100. In Fig. 9 we plot the average over 2000 realizations of u, (x,t)us(x + r,t) as a function of r = |r| for

the spectrum E,(k)—this is compared to the exact correlation function which is

(a4 ) =2 [ B0
0 kr
_ 32 sin(kor)
k?()T‘ '

Having obtained a satisfactory velocity field, we proceed to follow fluid particles as they are advected
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by:

r(0) = 0. (34)

In each realization, (34) is solved by using a fourth-order predictor-corrector scheme due to Hamming,??

with starting values formed by iteration of Newton’s interpolation formula.?

A time step of 0.2 was
found to be satisfactory, and each fluid particle was advected for up to 75 steps (i.e., for a dimensional

time ¢ = 15u~ kg '). The numerical approximations for the effective diffusivity (t) and the Lagrangian

correlation L(¢) are then calculated from

Ny
K(t) = 3J1Vr ;r(i) (t) cu® (r(i) (), 1),
Ny
L(t) = 3}\0 Zu(i) (0,0) - u® (e (t), ). (35)

9 Numerical results

In Figs. 10 and 11 the statistical quantities (35) are compared to the corresponding FDC-Padé approxi-
mations which are calculated as described in sections 6 and 7. The number of realizations, N,., is recorded
in the legend. The 95% confidence intervals are marked as error bars. Figure 10 uses energy spectrum E,
and time correlation R, with wy, = 1/7, = (3/2)%. In Fig. 11 we use the spectrum E, and time correlation

Ry with wy =&/ 23 . Thus the space-time correlation function is

E(k)R(t,k) _ u’k? 2.2 L o9,
MR SR ot ) =),

which was also used by Saffman.!'® Saffman employs Corrsin’s'” conjecture to obtain a quasi-normal type

closure and further assumes that the mean scalar “cloud” has a Gaussian profile. This results in a nonlinear
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differential equation for the dispersion which must be solved numerically. The FDC-Padé approximations
are very close to the results of Saffman’s approximation—they are almost indistinguishable in Figs. 10 and
11. We stress again that the FDC-Padé approximations are explicit quadrature expressions, in contrast to
Saffman’s differential equation which requires numerical solution.

It is clear that the FDC-Padé approximations are extremely good, even for values of the correlation
time 7, of order one. In each case the second approximation P} gives a small but definite improvement
over the first approximation P?. Even the lowest order Padé approximants give reasonable results which
means the lowest order FDC diagrams are all that need to be calculated in order to closely approximate

the effective diffusivity and Lagrangian correlation using the methods of sections 6 and 7.

10 Conclusion

We have demonstrated a systematic method for expanding the stochastically nonlinear term which arises in
problems of advection by a Gaussian velocity field. Our major results are the approximating equations for
the average probability density (12), the effective diffusivity (16), and the Lagrangian correlation (32). The
approximations are valid for small velocity correlation time, and are extended to physically relevant times
by use of Padé approximants. The extension of these results to non-Gaussian velocity fields is currently

under investigation.
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A Appendix

When the molecular diffusivity is zero, the diagram integrals defined in section 3 may be reduced to multiple
integrals over wavenumbers and time by doing all the angular integrals exactly. We list here the results for

the effective diffusivity up to order three, as defined in equation (16).
2 [ . U
= 5/ dk; / dt; E(k ) R(t — t1, k1), (36)
0 0
B o0 o0 i B 51 N fz 5 4k‘2 o _ - _
o () :—/ dkl/ de/ dtl/ by [ dis B(k)B(k) LR F )R~ Boke), (1)
0 0 0 0 0

o0 oo o0 E El £2 53 £4
S(0) = / dky / dks / ks / i / i / i / dis [ dis E(ky) (k) E(ks)
0 0 0 0 0 0

4k3 k2
X { 1353R( t3,k‘1) (tl —t4,k‘2) (tQ —t5,k3)

4k:2k2 ~ ~ . ~ . .

135 R( —t3,k1)R(ty —t5, ko) R(t2 — t4, k3)
4k:2k2 -

135 R( t4,k1)R(t1 —t3,k2)R( 2 —t5,k73)
8k2k2 - ~ - ~ . -

135 R( t4,k1)R(t1 —t5,k2)R(t2 —t3,k73)

8k! ~

8k
271R(t—t5,k1) (i, — t3, ko) R(2 — 14, ks)

8k} - ~ . . ~ . .
+WR( — t5, kl)R(tl — t4, kg)R(t2 — t3, kg)

8k7k3

(t—t5,k1)R( t4,k:2)R( 2 —tg,krg)} (38)

Differentiation of these formulas with respect to time (see (31)) gives the approximation (32) for the

Lagrangian correlation L(t).
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Energy Time W, Coeff. | Coeff. | Coeff. | Coeff. || Figure
spectrum || correlation of 7. | of 72 | of 73 | of 77
E, R, 1/74 1.000 | -0.500 | 0.459 | -0.564 2
E, Ry 1/7« || 0.886 | -0.184 | 0.050
E, R. 1/7 || 0.200 | 0.052 | -0.016 | 0.0047
E, R, 1/74 1.000 | -1.250 | 3.906 | -19.13
Ey R, k/T. || 0.753 | -0.352 | 0.323 | -0.413 3
E, R, k?/r. || 0.667 | -0.222 | 0.140 | -0.116
Ey Ry 1/7 || 0.886 | -0.459 | 0.429
Ey Ry k/T. || 0.667 | -0.128 | 0.034 4
E, Ry k*/7. || 0.591 | -0.087 | 0.019
E, R, k/7. || 0.113 | 0.034 | -0.007 | 0.0013
E.,p=1 R, 1/74 1.000 | -1.027 | 2.221 | -6.925
E., =10 R, 1/74 1.000 | -7.35 | 318.1 | -23711
E., 8= R, k/T. || 0.741 | -0.363 | 0.333 | -0.416
E., =10 R, k[T 0.492 | -0.211 | 0.189 | -0.254 )
E.,p=1 R, k*/7. || 0.569 | -0.162 | 0.085 | -0.060 6
E., =10 R, k*/7. || 0.313 | -0.049 | 0.015 | -0.006

Table I: Coefficients of the FDC series for the long-term effective diffusivity.
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Energy Time Wi PD(72) P} (72) Pi(72) | Figure
spectrum correlation at.,=1|at7.=1|at7. =1

E, R, 1/7. 0.667 0.739 0.714 2

E, Ry 1/7s 0.734 0.742

E, R, 1/74 0.270 0.240 0.240

E, R, 1/74 0.444 0.697 0.541

Ey R, k/T. 0.513 0.569 0.549 3

E, R, k% /1. 0.500 0.530 0.522

Ey Ry 1/7s 0.584 0.649

Ey Ry k/T. 0.559 0.565 4

E, Ry k2 /7. 0.515 0.520

Ey R, k/T. 0.160 0.140 0.140
E.,fB=1 R, 1/7, 0.493 0.675 0.578
E.,3=10 R. 1/m || 0.120 0.834 0.208
E., g= R, k/T. 0.497 0.551 0.532
E., =10 R, k[T 0.345 0.381 0.367 )
E.,p=1 R, k% /. 0.443 0.463 0.458 6
E., =10 R, k% /. 0.271 0.275 0.274

Table II: Padé approximations to the FDC series in Table I.
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Figure 1: The FDC diagrams of order 1 and 2 (which represent the FDC2 approximation (12)).
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Figure 2: The FDC5 approximation to x(oo) and its Padé approximants for spectrum E,, time correlation

R, and wy, = 1/7,.
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Figure 3: Padé approximants for k(oo) for spectrum Ej, time correlation R, and wy, = k/T.
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Figure 7: Padé approximants for k(o0o) for spectrum E,, time correlation R, and wy = 1/7.. P has a pole

at 7. = 1.96, but P! and P have no poles on the positive real axis.
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Figure 8: Generalized Padé approximants for k(t) for spectrum E,, time correlation R, and wy = 1/7s,
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Figure 9: Comparison of exact (solid line) and numerical (symbols) correlation functions for spectrum E,.
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Figure 10: Generalized Padé and the Saffman (1961) approximations (lines) and numerical values (dots)

for k(t) for spectrum E,, time correlation Ry and wy = 1/7,. Here 7, is fixed, 7, = (2/3)z.
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Figure 11: Generalized Padé and the Saffman (1961) approximations (lines) and numerical values (dots)

for L(t) for spectrum Ej, time correlation R, and wy = k/7. Here 7, is fixed, 7, = 23,
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